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1. Introduction 

Because of possible implications of string theory for gravitational physics it is impor- 
tant to study string solutions with realistic signature (— , +,+,...). In trying to understand 
issues of singularities and short distance structure one is mostly interested not just in so- 
lutions of the leading-order low-energy string effective equations but in the ones that are 
exact in a' and/or which have an explicit conformal field theory interpretation. While the 
leading-order solutions are numerous, very few solutions of the second type are known. 
In this contribution, based on the original work ffl, we present some new exact solutions 
which correspond to gauged WZNW models and thus should have a direct conformal field 
theory interpretation. The 'null' gauging means the gauging of WZNW models 0] @ @ @ 
based on non-compact groups with the generators of the gauged subgroup being 

'null' (having zero Killing scalar products). The gauged subgroup will be thus chosen to 
be solvable (but need not be nilpotent in general). The resulting sigma models will belong 
to the following class^ 



S = — [ cPzldx'dxi + F(x)dudv] + — [ d 2 z\fg^ Six) 
na J An J 



(0) 



where the two functions F and 6 will be explicitly determined (in Section 2) by gauging 
of the nilpotent subgroups in WZNW models for rank n maximally non-compact groups. 
x l {i = 1, ...,n) will be the linear combinations of the coordinates r l = r ai corresponding 
to the simple roots on, 

dx % dxi = Cijdr l dr J , a< • x = K^r 3 , = K a . a . = -j^pr = ^Wi^dj > 



where K%j is the n x n Cartan matrix. We shall find that 



- m 1 n 1 

-J2 a s-x--ln(J2 e*e Q ^) = p ■ x + - In F 



s=l i=l 



1 The so-called F-model considered in ||, where the conditions of (all order in a') conformal 
invariance were given for generic F and (f). 



where the constants e; can be chosen to be or ±1 and p—\ J2T=i a s ls °f the sum 
of all positive roots.ll 

In Section 3 we discuss an apparent similarity to the Toda model (in particular, we 
shall find a direct relation between the solutions of the classical equations of motion) . Some 
concluding remarks will be also made , concerning the dual (in u + v direction) version of 
the above cr-model. 



2. Null gauging of WZNW models 
2.1. General scheme 

The indefinite signature of the Killing form for non-compact algebras implies that there 
is a number of L nulV generators T n = N n which have zero scalar products, Tr (N n N m ) = 0. 
A subalgebra generated by such generators is thus solvable (but may not be nilpotent) .1 In 
this case one can consider a left-right asymmetric gauging since the anomaly cancellation 
condition jl5| ( Tr T 2 = Tr T^) is obviously satisfied. 

Consider the action of the 'null' gauged WZNW model 

S = -kI(g)-^ J d 2 z Tr (-Adgg- 1 + Ag-'dg + g-'AgA) = -klih-'gh), (1) 



where 



andc: 



I = -L J d 2 z Tr (dg- l 5g) + ^-Jd 3 zTr (g^dg) 3 . 



A = hdh~ 1 i A = hdh-\ he H + ,he H_, 



2 If ai is a simple root corresponding to the generators E± ai which are left ungauged (the 
remaining m — 1 positive (negative) roots correspond to the generators of a left (right) nilpotent 
subgroup that was gauged) then ei = 1 (m = |(d — n), n = rank G, d = dimC). 

3 An example of a 'null' generator in the Lorentz group case is a sum of a spatial rotation 
with a boost. Note that a nilpotent (TV 2 = 0) generator is null but, in general, a null generator 
need not be nilpotent. Gauging of subgroups generated by nilpotent generators was previously 
discussed m|§||0@@. 

4 A and A should be considered as chiral projections of the two independent vector fields 
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Here H + , H_ are two different subgroups of G generated by null generators (Tr(N n N m ) = 
0). The action (1) is local and manifestly gauge invariant under the i? ± -gauge transfor- 
mation 



g->w l gw, A->w L (A+d)w , A -> w (A+d)w , h -»• w L h , -»• ts x /i , (2) 

Assuming that the corresponding quantum theory is regularised in the 'left-right decou- 
pled' way (so that the local counterterm Tr (AA) does not appear) the only non-trivial 
renormalisation that can occur at the quantum level is the shift of the overall coeffi- 
cient k — > k — \cq § in front of the action (1). As a result, the couplings of the sigma 
model obtained by integrating out the gauge fields A, A should not receive non-trivial k' 1 
-corrections, i.e. they should represent an exact solution of the sigma model conformal in- 
variance equations. The central charge of the resulting gauged model will be equal to the 
central charge of the original WZNW model minus the dimension of the gauged subgroup. 
Depending on a choice of the null subgroups H + and i7_ the trace of the product of their 
generators Tr (NN) and hence Tr (AA) may or may not vanish so that (1), in general, 
is different from the action of the vectorially gauged WZNW model 

I v (g 1 A) = I(h^ 1 gh)-I(h- 1 h) =I(9) + l J d 2 z Tr (-Adgg' 1 + Ag^dg 

+g~ 1 AgA - AA) = I (g, A) - I J d 2 z Tr (AA) , (3) 

2.2. Gauging of nilpotent subgroups in Gauss decomposition parametrisation 

A particular case of such gauging (when the null subgroups are the nilpotent sub- 
groups corresponding to the step generators in the Gauss decomposition) was consid- 
ered previously Pf [|1U(| (see also pi]][|12|) in the context of Hamiltonian reduction |TH][]I7| 



5 cg is the value of the quadratic Casimir operator in adjoint representation. The negative 
sign of the shift is due to our choice of the 'unphysical' sign in the action (1) as usual in the 
non-compact case. 



of WZNW theories related to Toda models.B The approach based on gauging of any 
subgroup with null generators is more general since, in principle, we do not need to use 
the Gauss decomposition (which does not always exist for the real groups we are to con- 
sider to get a real WZNW action). The gauging based on the Gauss decomposition di- 
rectly applies only to the groups with the algebras that are the 'maximally non-compact' 
real forms of the classical Lie algebras (real linear spans of the Cartan-Weyl basis), i.e. 
sl(n + 1,.R), so(n,n+ 1), sp(2n,R), so(n,n). The corresponding WZNW models can 
be considered as natural generalisations of the SL(2, R) WZNW model. For these groups 
there exists a real group-valued Gauss decomposition 

9 = 9+9o9- , 9+ = exp(^u a £ Q ) , g_ = exp(^w Q £_ a ) , (4) 

n 

go = exp(^r Q i7 a ) = exp(^x l #;) . 

A i=l 

Here $_|_ and A are the sets of the positive and simple roots of a complex algebra with the 
Cartan-Weyl basis consisting of the step operators E a , E- a , a G and n(= rank G) 
Cartan subalgebra generators H a , a G A.@ We shall use the following standard relations 
(we shall assume that a long root has \a\ 2 = 2) |T9| |p0| 

[H a , Ep} = K Pa E p (a G A, /9 G $) , 

[E a , E_ a ] = H a (a G A) , [E a , E p ] = N aP E a+p , 
Tr {HaHp) = Cap = —^K a p , K a p = ^ , Tr (HiHj) = Sij , 



H a = a 1 Hi , , x l = a%ra i Kafir 13 = a ■ x , a 1 = 



a£A 



a 



a" 



The WZNW model in the Gauss decomposition parametrisation was considered in [18]. The 



standard (vector or axial) gauging in the Gauss decomposition was also discussed in [13|. 

7 In what follows we shall assume that there is always a sum over repeated upper and lower 
indices. We shall also use r a with understanding that r a ^ only if a is a simple root. 
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Tr (E a E_p) = j^5 a p , TV (E a Hp) = , (5) 

where a 1 (i = 1, n) are the components of the positive root vectors. It is clear that E a 
and E- a form sets of null generators so that some of the corresponding symmetries can 
be gauged according to (1). For example, we may take w, A and h in (2) to belong to 
the one-dimensional subgroup generated by some E 1 and w, A and h - to the subgroup 
generated by where 7 and 7' are positive roots which may not necessarily be the 

same. 

If one gauges the full left and right nilpotent subgroups G+ and G- (dimG± = 
h(d — n) = m, dimG = d) generated by all generators E a and E_ a || one is left with 
the action for n decoupled scalar s r a or x l which represent the free part of the To da 
model action. Being interested in finding non-trivial conformal sigma models describing 
string solutions we are to consider the more general case of 'partial' gauging when only 
some subgroups H + and H- of G+ and G- are gauged. r a should correspond to spatial 
directions (C a p in (5) is positive definite). Since the Killing form of the maximally non- 
compact groups has m = \{d — n) time-like directions, to get a physical signature of the 
resulting space-time we need to gauge away all but one pair of coordinates u, v in (4). 
Therefore the gauge groups H± should have dimension m — 1 = \(d — n) — 1, i.e. 

dim H± = dim G± — 1 . 

As we shall see below (in Sect. 2. 3) the ungauged generator(s) of G± must be a simple root. 
Moreover, to get the physical value D — 4 of the target space dimension we need to start 
with the rank 2 groups G (D = n + 2 = 4). 

Let us first consider the most general case when w, A and h in (2) correspond to 
the subgroup H + C G+ generated by some s <m linear combinations E v = XpE a of the 
generators (E a , a e $_|_) of G + and w,A and h - to the subgroup i7_ C G_ generated 
by some s' = s linear combinations E q = X^E- a . Then it is straightforward to write down 
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the resulting expression for the action (1) using the Polyakov-Wiegmann formula and (5) 
(i.e. I(g+) = I(g-) = 0, etc.) 

I n = I(h- l gh) = I(g ) + ^ J d 2 z Tr [g^ 1 g^lid^ 1 g^g^hdih,- 1 gl 1 )] 

= Hgo) + \ J d 2 z Tr [g^ 1 (A + g^dg^g^A - Bg.gZ 1 )] . (6) 

Setting 

A = S P B P = \«B p E a , A = B q B q = \«B q E- a , 
gl 1 dg+ = J U = U^u)du a E p , Bg.gZ 1 = J v = J*E_ a = V^(v)dv a E_ /3 , (7) 

we get 

Sn = ^J £z^-C aS3 dr a drP + M a(3 {JZ + X^B P ){JP - AfS«)] 

= ^ J d 2 z[dx i dx i + 2M a/3 (J« + \%BP)(JP - AjS«)] , (8) 

where 



M aP = Tr (g^EagoE-p) = f a (r)5 af} , f a (r) = ^e"^^ = ^e'^ 



The sums over a, (3 run over positive roots (r Q 7^ for simple roots only). It is clear that 
when H±=G±, i.e. when A^ and A^ are non-degenerate we can eliminate J u and J v from 
the action by redefining the gauge fields B, B. One is then left with the free action for r Q 
plus the dilaton term = 0o + \ Yl a ^-otpf^ originating from the 5, B -determinant. 
Integrating out B p and B q in (8) we get 

Sn = ^j d 2 z[^C af3 dr a drP + M a p{r)U%{u)vf [v)dv?dv 5 ] 

__L J d 2 z^fg~&RM In det M pq (r) , (9) 
M pq (r) = M aP \^ q =J2Ur)X^ , 

a 

M af3 (r) = M a(3 - M-^XXiM^Mps = faS af 3 ~ fafpM'^X^X^ . (10) 



2.3. Models with one time-like coordinate 

Let us now turn to the most interesting case when the dimensions of the gauge groups 
H± are equal to dim G± — 1 = m — 1 so that only one time-like coordinate appears in the 
resulting sigma model action. Let E ai and E- ai denote the generators of G+ and G- 
which remain ungauged, i.e. which do not belong to H + and H-. Since H+ must be a 
subgroup, E ai cannot appear in the commutators of the generators of H + . According to 
(5) this is possible only if a± is a simple root, i.e. if it cannot be represented as a sum 
of two other positive roots. In fact, if we use the indices i,j to denote the simple roots 
a = cti (i = (l,s) = 1,2, ...,n) and indices a, b to denote the remaining positive roots 
a a (a = n + 1, m) the commutators of the corresponding step operators are given by 

[Ei, Ej] ~ E a (a a = a { + aj) , 

[Ei, E a ] ~ E b (a b = ai + a a ) , [E a , E b ] ~ E c (a c = a a + a b ) . 

It is clear that one can also use linear combinations E' s = E s + \ S E\ (s = 2, ...,n) as the 
'simple' part of the generators of H + but one cannot mix the non-simple generators E a 
with E\. 

Let u ai = -^u, f ai = 775^; the remaining coordinates u° \v a (a = (s,a) will be used 
to denote all 'gauged' m — 1 positive roots) are transforming under the gauge group (with 
the leading-order term being just a shift) so that we can set them to zero as a gauge. In 
this gauge J u = A^duE ai , J v = -^dvE- ai and the sigma model action (9) takes the 
form (p, q = 1, m — l)i 

S n = — I d 2 z\dx l Bx l + F(x)dudv] + — [ d 2 z\fg^R^(j>(x) , (11) 
2vr J Air J 

F(x) = f ai - flM-^X^X^ , <j>(x) = -\ In det M pq , 



8 For notational convenience (to get rid of an extra factor of 2 in front of the F(x)dudv term) 
we have redefined u and v by the factor of l/\/2 as compared to (9). 



a 

The non-trivial elements of the 'mixing' matrix A^ correspond to a possibility of changing 
the generators of H + by adding X^E^. Without loss of generality the non- vanishing 
components of A^ can be taken to be: A^ = 6°, A^ 1 = X s 5 ps and similarly for A^ 
(according to the remark above, only simple roots can be mixed with E ai ). Then (s, t = 
2,...,n; a, b = n + 1, ..., m) 

M Pg =(^ St M ab )> M st(r) = f s 5 st + fiXsXt, M ab (x) = f a (x)S ab , (12) 



2 1 

f h (x) = f ah = - — 7Ke~ ah ' x , h= (l,s,o) = l,2,...,m , m=-(d-n). (13) 
\ath\ 2 



If we introduce Ai = Ai = 1 in order to make the formulas look symmetric with respect to 
all simple roots, we find 

f-l f-l\ \ m n 

M;, 1 = f;% t - ^ lt*gt , det M pq = ( J] f h ) ( £ /r 1 ^) • (14) 



As a result, 



1 



F = fx- f(M~ X s X t = , 



n . 

F = E^'T » e^-I^I^A, , (15) 
i=l 

= --^ In/ fc --ln X^AiA,, 

h=l i=l 

^ n ^ m 

(/> = <f>o + p-x-- In ^e.e ^ , /)=-^a A . (16) 
We have thus found the sigma model action (11), (15), (16), i.e.i 

/n 
d 2 z[dx l dx l + (J^ti^'^dudv] 
i=i 



9 We absorb the prefactors 2/\aa\ 2 of the exponential terms into a rescaling of u, v and We 
also consider (17) as an effective action, including the quantum shift of A;, k = k — \cq- 
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(17) 



with a,i being the simple roots and p being half the sum of all positive roots. The values 
of the parameters = 0, +1 or — 1 represent inequivalent gaugings of the original WZNW 
model or different conformal sigma models.0 Non-trivial models (not equivalent to direct 
products of SL(2, R) WZNW with free scalars) are found for non-vanishing values of the 
'mixing' parameters 62, ...,e n . 

The metric of the corresponding D = n + 2 dimensional target space-time has 
two null Killing symmetries (in fact, the full 2d Poincare invariance in the u, v plane, 
u' = pu + a, v' = p~ x v + b). The non-trivial (uv) components of the metric and the 
antisymmetric tensor and the non-linear part of the dilaton are all expressed in terms of a 
single function F(x) (15), which is the inverse of the sum of the exponentials of the spatial 
Cartan coordinates x 1 . The metric is non-singular if all e$ have the same sign. 

3. Relation to the Toda models 

To demonstrate the equivalence to the Toda model at the classical level let us consider 
the classical equations for the model (0) (on a flat 2d background) 



The model thus has two chiral currents. Integrating the last two equations and substituting 
the solutions in the first one we get 



Since u, p are chiral and x has a factorised form they can be made constant by the conformal 
transformations of z and z (the sigma model (0) is always conformally invariant at the 

10 Inequivalent solutions corresponding to different possible choices of an ungauged simple root 
ol\ are easily included by assuming that ei can also take values and —1 but at least one of ti is 
non- vanishing. In general, ej taking arbitrary real values represent moduli of the solutions. 




(18) 



ddxi + -xd l F~ 1 = , Fdv = v(z) , Fdu = p(z) , x = v(z)fi(z) . (19) 
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classical level). Equivalently, this can be considered as a gauge choice (alternative to the 
light cone gauge), i.e. u = a(r + a), v = b(r — ex), for the conformal symmetry. The 
equation for x 1 can be derived from the action 

S= — [ dPzldx'dxi - xF^(x)] . (20) 
iia J L J 

With F given by (15) (i.e. F' 1 = T = ^27=1 e i eCti x ) an d in the conformal gauge with 
constant \ the equation for x % (19) and the action (20) are exactly those of the Toda 
model. This observation is, of course, related to the derivation of the Toda model from 
constrained WZNW model in [§. 

As a consequence, the equations of the classical string propagation (including the 
constraints) on the backgrounds (17) discussed in the present paper are exactly integrable 
since their solutions can be directly expressed in terms of the Toda model solutions. 

Another interesting property of the model (0) is that the dual model obtained by the 
standard abelian duality transformation in the w = \ (u + v) direction has a covariantly 
constant null Killing vector, i.e. has a 'plane wave' - type structure (with the metric 
and dilaton depending only on transverse coordinates but not on a light-cone coordinate). 
This is a consequence of the fact that the wu-component of the metric in (0) is equal to 
the corresponding component of the antisymmetric tensor (what is also the reason for 
the existence of the two chiral currents). Following the standard steps [ 21 1 [|22|| of gauging 



the symmetry u' = u + a, v ' = v + a, i.e. adding the gauge field strength term with 
a Lagrange multiplier u and integrating out the gauge field, we find for the dual model 
(t = j (u — v) = v) 

S=^— I d 2 z\dx l dx, + F(x)dudu - 2dvdu] + ^- I d 2 z\T^R {2) 4>{x) , (21) 
na J An J 

F = F~ 1 (x), 4> = <j>(x) - ~ In F(x) . (22) 

The dual space-time metric has one covariantly constant null Killing vector while the anti- 
symmetric tensor vanishes. Since the 'transverse' part of the metric is flat, the conditions 
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of the Weyl invariance of the model (21) are given (to all orders in a') by the 'one- loop' 
conditions^ 

-PdiF + 2di4>d l F = , didj} = , (23) 
otr 2 

The dual data to (15) obviously solve those equations, thus providing another example 
of exact solutions related by the standard (leading-order) duality (cf. |3~0[1 ). The classical 
equations of motion of the two dual models are, of course, also equivalent and can be 
represented in the Toda-like form (19). 



11 See, e.g., [23] for a general discussion. Since the dilaton is assumed to depend on the trans- 
verse coordinates, this model is a generalisation of the original 'plane-wave' models considered 



in [24][25|p6|p7[|. Some special cases, in particular, the D = 3 case of such model - the duality 
rotation of the SL(2, R) WZNW model - were already discussed (in connection with extremal 
black strings) in p| |2T 
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